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Theorem 2 (Halburd, RK [8]) If the equation

Abstract

w(z + 1) + w(z − 1) = R(z, w),

Discrete Painlevé Equations
The Painlevé property is closely connected to diﬀerential equations that
are integrable via related iso-monodromy problems. Many apparently
integrable discrete analogues of the Painlevé equations have appeared in
the literature. The existence of suﬃciently many ﬁnite-order meromorphic solutions appears to be a good analogue of the Painlevé property
for discrete equations, in which the independent variable is taken to be
complex. If w(z) is an admissible ﬁnite-order meromorphic solution of
the diﬀerence equation
w(z + 1) + w(z − 1) = R(z, w(z))

(†)

where R(z, w(z)) is rational in w(z) with coeﬃcients that are meromorphic in z, then either w(z) satisﬁes a diﬀerence linear or Riccati
equation or else equation (†) can be transformed to one of a list of
canonical diﬀerence equations. This list consists of all known diﬀerence
Painlevé equations of the form (†), together with their autonomous
versions.

where R(z, w) is rational in w and meromorphic in z, has an admissible meromorphic solution of ﬁnite order, then either w satisﬁes a diﬀerence Riccati equation

There are many discrete equations that are considered to be integrable discrete
analogues of the Painlevé equations. Here are only a few examples:
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where α, β, γ, δ, ζ ∈ C.
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Some properties of discrete Painlevé equations:
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• Possess Bäcklund transformations, as well as relations to Bäcklund transformations of diﬀerential Painlevé equations
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• Possess Bäcklund transformations, and special rational and Airy solutions

where T (r, f ) = m(r, f ) + N (r, f ) is the characteristic function. Here
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Here S(w) denotes the ﬁeld of small functions with respect to w. A non-rational
meromorphic solution y of a diﬀerence equation is admissible if all coeﬃcients
of the equation are in S(y). For example, if a diﬀerence equation has rational
coeﬃcients then all non-rational meromorphic solutions are admissible.
• Equations (3), (4), (6), (7) and (9) correspond to known discrete equations
of Painlevé type
• These equations can be explicitly solved in terms of elliptic functions if the
coeﬃcients are constants

• Distribution of orbit lengths in rational maps, Roberts and Vivaldi [12].

• Classes of equations containing dP3 and dP5 have been similarly treated by
O. Ronkainen [13]

• Diophantine integrability, Halburd [6].
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Theorem 1 (Halburd, RK) Let {yj }j∈N be a sequence of nonconstant rational functions of z solving
yj+1 + yj−1 =

aj yj2 + bj yj + cj
yj2

,

where aj , bj and cj ≡ 0 are non-zero algebraic functions of j. If
the degree of {yj }j∈N grows at most polynomially as j → ∞, then
aj = 0, bj = Aj + B and cj = C + D(−1)j , where A, B, C, D ∈ C.

Nevanlinna property

log T (r, f )
,
ρ(f ) = lim sup
log r
r→∞

(8)

• The assumption on ﬁnite order can be weakened somewhat [7]

Nevanlinna order of growth

The order of growth is

(7)

• Algebraic geometric methods, Sakai [14].

According to Vojta’s dictionary, the Diophantine integrability property corresponds exactly to the existence of ﬁnite-order meromorphic solutions. There
(P6) are similar analogues to Vojta’s dictionary for iteration of rational functions [2].
In the following theorem we look at algebraic entropy of a solution sequence
consisting of rational functions, and use the polynomial degree growth as a
where α, β, γ, δ ∈ C. It was later conﬁrmed that these equations indeed possess
criterion to single out a discrete Painlevé equation dPI .
the Painlevé property.

• Appear in random matrix theory and the 2D Ising model

(6)

• Shimomura [15] has proved existence of meromorphic solutions for certain
classes of non-constant coeﬃcients

(P5)

• Reductions of integrable partial diﬀerential equations, and the self dual YangMills equations

(5)

• Existence of ﬁnite-order meromorphic solutions, Ablowitz, Halburd and
Herbst [1].

Iteration of rational functions

• Can be written as the compatibility condition for a related linear problem,
a so called iso-monodromy problem, which underlies the integrability of the
equation

(4)

• Appear in the theory of orthogonal polynomials and in 2D quantum gravity

(P4)

Some properties of Painlevé equations:
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where πk , κk ∈ S(w) are arbitrary ﬁnite-order periodic functions
with period k.

• Special rational and discrete Riccati solutions

There is no known one property which could be described as the “discrete
Painlevé property”. However, there are a number of diﬀerent methods which
w = F (z, w, w)
have been used, similarly as the Painlevé property in diﬀerential equations, to
where F is rational in w and w, rejecting those equations which did not single out integrable discrete equations.
have the Painlevé property. They singled out a list of 50 equations, six of
which could not be integrated in terms of known functions, or transformed into Methods to detect or construct discrete Painlevé equations:
another equation in the list. These equations are now known as the Painlevé • Singularity conﬁnement, Grammaticos, Ramani and Papageorgiou [5].
equations, and they are as follows:
• Algebraic entropy, Hietarinta and Viallet [9].
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• Have related linear (iso-monodromy) problems

An ordinary diﬀerential equation is said to have the Painlevé Property when
every solution is single valued, except at the ﬁxed singularities of the coeﬃcients.
Painlevé [10, 11], Fuchs [3] and Gambier [4] looked at the class

(3)

where p, q ∈ S(w), or equation (2) can be transformed by a linear
change in w to one of the following equations:

• Appear as reductions of integrable lattice systems
Painlevé equations

(2)
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